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tensor of order n, they have deduced a different fundamental identity from an integrability condition on the tensor. It should be noted that this way implies that only brackets of even order are allowable.
Our purpose is to give a unified treatment for both kinds of brackets, in order to put in evidence their similarities as well as their differences. So, we consider general brackets of functions defined for skew-symmetric contravariant tensors. More precisely, if ⌳ is a skew-symmetric contravariant tensor of order n on a manifold M ͑an almost Poisson tensor, in our terminology͒, it defines an n-bracket ͕,...,͖ on the algebra of C ϱ functions on M by the formula ⌳͑d f 1 ,...,d f n ͒ϭ͕ f 1 ,..., f n ͖.
Next, we investigate the integrability conditions on ⌳ in two directions. For nϭ2, we are in the presence of ordinary almost Poisson tensors, for which the integrability condition can be alternatively expressed in terms of the vanishing of the Schouten-Nijenhuis bracket ͓⌳,⌳͔ or in terms of the Jacobi identity. The first direction gives the so-called generalized Poisson tensors discussed by Azcarraga et al., 3 and the second way gives the Nambu-Poisson tensors discussed by Takhtajan. 2 In this paper, we also discuss the dynamics of n-brackets. In fact, we extend the results of Tulczyjew, 4 who characterized a locally Hamiltonian vector field on a symplectic manifold (M ,⍀) as a Lagrangian submanifold of the symplectic manifold (TM ,⍀ c ), where TM is the tangent bundle of M and ⍀ c is the complete or tangent lift of ⍀ to TM . Recently, this result was extended by Grabowski and Urbánski 5 for Poisson manifolds ͑see also Ref. 6͒, and by us 7 for Jacobi manifolds. The equivalent notion of a locally Hamiltonian vector field is the so-called infinitesimal automorphism of the generalized almost Poisson tensor, that is, a vector field X such that L x ⌳ϭ0. With a suitable notion of Lagrangian submanifold, we prove that a vector field X on a generalized almost Poisson manifold (M ,⌳) is an infinitesimal automorphism if and only if its image X(M ) is a Lagrangian submanifold of the induced structure (TM ,⌳ c ) ͑Theorem VI.2͒. It should be noted that no integrability condition is invoked in order to obtain our result. In fact, if (M ,⌳) is a generalized Poisson manifold, so is (TM ,⌳ c ). However, if (M ,⌳) is NambuPoisson, (TM ,⌳ c ) is not Nambu-Poisson except in the trivial case ͑Theorem VI.1͒. A Darboux theorem is also obtained, and the global structure of a Nambu-Poisson manifold is elucidated. If the order of ⌳ is greater or equal to 3, the distribution spanned by the Hamiltonian vector fields is completely integrable and, then, it defines a foliation whose leaves are either n-dimensional manifolds endowed with a Nambu-Poisson bracket coming from a volumen form, or points. From these results, it follows that if ⌳ is Nambu-Poisson, then ͓⌳,⌳͔ϭ0, which shows that every Nambu-Poisson manifold of even order is also a generalized Poisson manifold. The converse is not true, as Example II.5 shows. For nϭ2 ͑Poisson manifolds͒ we have, of course, the wellknown symplectic foliation. This means that the basic Nambu-Poisson structures are given by symplectic or volume forms. Both are examples of multisymplectic structures ͑see Ref. 8͒, and it seems very interesting to look for structures which would give a more general kind of foliation by multisymplectic leaves.
In what concerns Poisson morphisms, we introduce the notion of Poisson morphism in this general setting, and prove that a morphism :(M 1 ,⌳ 1 )→(M 2 ,⌳ 2 ) between two generalized almost Poisson manifolds (M 1 ,⌳ 1 ) and (M 2 ,⌳ 2 ) is Poisson if and only its graph is a coisotropic submanifold of the generalized almost Poisson manifold (M 1 ϫM 2 ,⌳ 1 Ϫ⌳ 2 ) ͑Theorem V.2͒. This theorem extends the well-known ones for symplectic and Poisson manifolds. 9, 5, 6, 10, 11 As above, no integrability conditions are required.
II. GENERALIZED ALMOST POISSON BRACKETS
Let M be a differentiable manifold of dimension m. Our purpose is to define brackets of functions on M which generalize the well-known Poisson bracket. Denote by X (M ) the Lie algebra of the vector fields on M and by C ϱ (M ,R) the algebra of C ϱ real-valued functions on M .
Definition II.1: An almost Poisson bracket of order n on M is an n-linear mapping 
). An alternative way to define an n-bracket of functions is to consider the skew-symmetric tensor ⌳ of type (n,0) given by
and xM . Conversely, given a skew-symmetric contravariant n-tensor, the above formula defines an n-bracket of functions satisfying ͑1͒ and ͑2͒. Notice that ͑1͒ is equivalent to the skew-symmetric character of ⌳, and ͑2͒ is a consequence of its tensorial character, that is, ⌳ is linear on functions. In fact, the Leibniz rule says that for any xM , ͕ f 1 ,..., f n ͖(x) only depends on the 1-jets of the functions f 1 ,..., f n at x. Thus, we call ⌳ an almost Poisson n-tensor, and (M ,⌳) a generalized almost Poisson manifold.
It should be noted that ⌳ induces a linear mapping
is the space of r-forms on the manifold M . Therefore, given nϪ1 functions f 1 ,..., f nϪ1 , we define a vector field
which is called the Hamiltonian vector field associated with the Hamiltonian functions f 1 ,..., f nϪ1 . The fact that X f 1 ,..., f nϪ1 is a vector field is a consequence of the Leibniz rule. An interesting problem is to look for the integrability conditions of almost Poisson structures. We can proceed in two different directions. First of all, notice that for n ϭ 2 the integrability condition is given by the vanishing of the Schouten-Nijenhuis bracket of ⌳ with itself. 12, 10 In fact, ͓⌳,⌳͔ϭ0 is equivalent to the so-called Jacobi identity,
͑1͒
In such a case, ⌳ is a Poisson tensor and ͕ , ͖ is an ordinary Poisson bracket. Next, we will extend this integrability condition. The skew-symmetry of the Schouten-Nijenhuis bracket ͓ , ͔ implies that
for any n-tensor ⌳. Thus, if n is odd, we do not obtain any integrability property, since ͓⌳,⌳͔ identically vanishes. So, the vanishing of the Schouten-Nijenhuis bracket provides an integrability condition only in case n is even. 
where (x 1 ,x 2 ,x 3 ,x 4 ,x 5 ) denote the standard coordinates in R 5 and f and g are arbitrary functions on R 5 . Since ⌳ is of order 4, we deduce that ͓⌳,⌳͔ϭ0, which implies that ⌳ defines a Poisson tensor of order 4. Next, we will compute the Hamiltonian vector fields associated with the coordinate functions. If we denote X i jk ϭX x i x j x k, a direct computation shows that
X 135 ϭ0, X 145 ϭ0,
Thus, the generalized distribution D generated by these Hamiltonian vector fields is not involutive. Take, for instance, f ϭx 4 and gϭ1. In this case, ͓X 123 ,X 234 ͔ does not belong to D. The other direction is to look for a generalization of the Jacobi identity of a Poisson bracket ͑1͒. Notice that ͑1͒ can be equivalently written as follows:
that is, the Hamiltonian vector field X f 1 is a derivation of the algebra (C ϱ (M ,R),͕ , ͖), for every function f 1 .
We 
, that is, the following fundamental identity holds:
Example II.7: Let M be an oriented n-dimensional manifold and choose a volume form . Given n functions f 1 ,..., f n , on M, we define its bracket by the formula
It is not hard to prove that it is a Nambu-Poisson bracket ͑see Ref. 14͒. If we take M ϭR n , and is the standard volume form ϭdx
n , we recover the example discussed by Nambu. Proof: Since ⌳ 0 at every point, we deduce that M is orientable. Thus, if is a volume form on M we obtain that there exists f C ϱ (M ,R), f 0 at every point, such that ⌳ϭ f ⌳ . Now, we consider the volume form on M given by ϭ(1/f ). A direct computation proves that ⌳ϭ⌳ .
Remark II.9: From the above definitions it follows that for nϭ2 Nambu-Poisson and generalized Poisson structures are the same geometrical object. However, for nу3, both kinds of structures are in principle different. Of course, a trivial tensor, namely ⌳ϭ0 always defines a Nambu-Poisson as well as a generalized Poisson structure. Also, there exist Nambu-Poisson structures which are trivially generalized Poisson. For instance, if ⌳ is a Nambu-Poisson tensor with constant components, it trivially satisfies ͓⌳,⌳͔ϭ0. Also, if a Nambu-Poisson tensor ⌳ has order n, and dim M Ͻ2nϪ1, we have ͓⌳,⌳͔ϭ0. In Corollary III.8 we will give the relationship between generalized Poisson and Nambu-Poisson manifolds.
The following result will be very useful in the sequel.
Proposition II.10: Let (M ,⌳) be a Nambu-Poisson manifold of order n. Then the bracket of two Hamiltonian vector fields is also a Hamiltonian vector field.
Proof: In fact, we have Let (M ,⌳) be a generalized almost Poisson manifold of order n and consider the space of infinitesimal automorphisms X ⌳ (M ), that is,
III. MORPHISMS AND INFINITESIMAL AUTOMORPHISMS

. A vector field X on M is an infinitesimal automorphism of ⌳ if and only if X is a derivation of the algebra
Since ͓L X ,L Y ͔ϭL ͓X,Y ͔ , for two vector fields X and Y on M , we deduce that X ⌳ (M ) defined an involutive distribution which is also invariant.
We can also consider the space of Hamiltonian vector fields. In fact, if D x denotes the subspace of T x M spanned by the Hamiltonian vector fields X f 1 ,..., f nϪ1 evaluated at a point xM , we obtain a generalized distribution D on M , which will be called the characteristic distribution. For n ϭ 2, it is always involutive, and, in fact, it defines the symplectic foliation of the Poisson manifold. 
, the leaf passing through x reduces to the point x, and the induced Nambu-Poisson structure is trivial.
Proof: ͑1͒ See Example II.5. ͑2͒ That D is involutive is a consequence of Proposition II.10. On the other hand, let ⌽:R ϫM →M be the flow of the Hamiltonian vector field X f 1 ,..., f nϪ1 . Then, using Corollary III.6, we deduce that
..,g nϪ1 ͒ϭX h 1 ,...,h nϪ1 , for tR and g 1 ,...,g nϪ1 C ϱ (M ,R), where h i C ϱ (M ,R) is given by h i ϭg i ‫ؠ‬⌽ Ϫt , for i͕1,...,nϪ1͖. From the above results, we conclude that the characteristic distribution is completely integrable ͑see Ref. 10, Theorem 2.6͒, and it defines a generalized foliation in the sense of Sussmann. 16 Now, consider a leaf L of this foliation. If we take n functions f 1 ,..., f n defined on L, a bracket ͕ f 1 ,..., f n ͖ ͉L can be defined as follows. We extend each f j , 1рjрn to a function f j on M and put ͕ f 1 ,..., f n ͖ ͉L ͑ y ͒ϭ͕͑ f 1 ,..., f n ͖͒͑y ͒, for every yL. Since the bracket is a derivation on each argument, we deduce that the result is independent of the chosen extensions. Of course, ͕,...,͖ ͉L satisfies the fundamental identity.
Next, suppose that x is a point of M such that ⌳(x) 0. Using the results obtained by Gautheron, 14 we deduce that the n-vector ⌳(x) is decomposable. Thus, the dimension of the space D(x) is n. Therefore, if L is the leaf of D passing through x we obtain that the dimension of L is n. Denote by ⌳ L the induced Nambu-Poisson tensor of order n on L. If yL, then, since ⌳(y) 0 ͓notice that dim D(y)ϭn͔, we have that (⌳ L )(y) 0. Consequently, from Proposition II.8, we conclude that there exists a volume form on L such that ⌳ L ϭ⌳ .
Moreover, there exist local coordinates (x 1 ,...,x n ,x nϩ1 ,...,x m ) around x such that
0. Thus, there is an open neighborhood V around x and a function g on V with
at every point of V. Consider the following set of vector fields:
From Proposition II.10, it follows that VʚV such that
Thus, if we rename the coordinates as
where ⌳ 0 does not depend on the coordinates x 1 ,...,x nϪ1 ,x n . We omit the proof of the latter assertion, since it follows by applying the fundamental identity. Taking into account that ⌳ is decomposable on V, we deduce that D has constant dimension n on V. Thus, it immediately follows that ⌳ 0 ϭ0.
If ⌳(x)ϭ0, then all the Hamiltonian vector fields X f 1 ,..., f nϪ1 vanish at x. Therefore, the leaf L through x reduces to the point x, namely L ϭ ͕x͖. 
IV. LAGRANGIAN SUBMANIFOLDS
Let (M ,⌳) be a generalized almost Poisson manifold of order n. Given a submanifold N of M , we define the jth annihilator of the tangent space T x N of N at a point xN, 1р jрnϪ1, as follows:
We have
We introduce the following definitions.
Definition IV.1: (1) We say that N is j-coisotropic if
(2) We say that N is j-Lagrangian if
If ⌳ is Nambu-Poisson, and ⌳ f is a subordinate Nambu-Poisson tensor of order nϪ1 for a fixed function f on M , we deduce the following. 
V. GRAPHS OF POISSON MORPHISMS
